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THERMAL CALCULATION OF A THERMOGENERATOR AT CHANGING
TEMPERATURES ALONG THERMOCONTACT SURTACES

G. A. Varshavskiy, T. A. Frezgol"'
(Moscow)

The article fincdsexpressions (o> the output power of efficiency
of a thermoelectric generatvor and temr¢rature distribution elong the
heat carrier under the condition thzt *emperatures of the thermocon-
tact surfaces vary due vto the cool .y znd heating of the heat car-
riers. Simple approximation calculzt on formulas are given four ihe

particular cases examined. .

In connceevion with successes 1+ 3emiconductor technology, there
is widespread use ol thnermozleciri o converters for obtaining elec-
trical en=rgy and for cooling purpuses. The thermotechnical calcu-
lation and invest.galion of the cnerartion of the converters are usual-
1y done by maans of elemeatary th=7 -etical a2nalysls proposed by A. I.
1offe ju his time | 3].and reficcd -comewhat laver by A, I. Burshteyn

(2] and accepted in all the world literature [3-5].

The estabt.ished methods of calculaticn make 1t possible to deler-
mine the efficiercy of these devices and find the optimal conditions

of th:ir operation at connstanl teomperatures of hot and cold S0l

3.
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This simplificatinu, being scheme plan, can be justified by two con-
aiderations of a practica) nature. The first rel.ecis the technical
side of Lthe question, since models of thermoelectric generators (TEG),
created at the initial stage of devzlopment of thie branch of tech-
nology, functioned at practically constant temnperaiures of hot and
cold Jjunctions. These are, for example, the thermoelectrijc gencera-
Lor on oa keroscene lamp [1-3), the thermogeneravor of apparatus
SHAP-TT1 with an isotup:2 heat source [6], different solar rhermogen-
erators [7, 8], and su on. The second carcumstance is connected with

the fact that thermoelectric paramcters of the subztance greatly
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depend ot temperature, and a detailed account of this dependence for
variablc temperature limits leads to expression which cannot be 1n-

vestigated analytically to the end.

The striving to increase the power of the power installations
inevitably led to the creation of a two-circuilt screme of the thermo-
generator 9], where the transporting of the heat is produced by heatl
carricrs, the temperature of which considerably varies as a result of
the heat transfer from a hot liguid to a ¢old one along the channel
of the heatl carrier. With the thorough heat-engineering calculation
of such apparatuses, the dependence of thermoeleciric characteristics

of the materials on tcemperature must be considered.

However, 1n the preliminary analysis of the operation of the
vhermogenerator, it i3 expedient to determineg 1ts output parameters
Wwithout taking into account the effect of variable temperaturcs of
the solderings on thermoclectric properties of the substances but
considering the change in temperatures of heat carriers along the

thermocoentact surfaces.

This work is devoted to the finding of analytical boads, which
make it poéslblc to make the calculation of the thermogenerator at
changing (as a result of heat transfer) tempcratures of the solder~
ings. The obtailned expressions can be useful in the preliminary de-
termination of the optimal parameters of the generators (maximal
power and efficiency, minimal weight, etc.) and an analysis of pro-

P P
cesses of regulation. & ¢ - : '

Given at the end of the article are certain recommendations
anccording Lo an analysis ol the TEG operation, taring into account
the depende=nce ot thermoelectric vroperties of mater.als on tempera-

Lure.

Czlculation of charscreristics of the thermoelectric generator.
Let us examince the TEG vperation in the two-circuit scheme (. ig. 1).
The hot heav carrier 1, which circulates 1n the {irst circuit, feecds
heat through the "thermocontact pack=2t" 2 to the hot junctions [sol-
derings) ol the thermocloements. Part of this heat i1is converted 1nto
elecetrical cnergy, and the remalning heat is drawn off from the cold
Junciions o the thermoclements through the “thoermocontact packetu"
Uoto the cold Wt corr.ocy U ocircuianat

LSodn Yhe ceoo g caroggn o The
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thermogenerator Li.~ludes a great number of single thermoelements,
which are connected electrically to each nther in series or in paral-
lel, depending on the rcquired output parameters of the TEG, The
basic dJdimensions of the thermoelements, helighl h and cross secLions

Sp

and S, of the branches, are identical for the whole thermogenerator.
In the course of che anulysis we will use the average values of
the characteristics for the positive and negative branches of the

thermoelement (symbols are given at the end of the articl=2)

| N, S
a il 4 () o= v [
S Na
| N M,\ Sy o ,
e —_ = - o= 2% xp
p == Pp | 1a . ) lp In f
4 k S, S, So So

LLet us take the following simplifying assumpt. .ns

1) the electrophysical character.stics u %, p . everaged over
the op- rating temperaturc range, are identlcal {or a.! the thermo-
clements;

2) the average current density j is constant £9r any C€ross sec-
tion ¢f the LhcrmogcneraLor;

3) the thermal resistances k and ky of the "th-rmozontact
packels" are identical for all the thermoelements. and the corres-

ponding temperature drops are proportional to the therm:l 1 wa.

~a
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Fig. 1

As usual [1-3], we do not consider the ¢ffect of the Thomson
effeet (since the specific thermal emf o iz averaged over Lhe oper-
aving temperature range), and we assume tnat the Joule heat liberated
1 the thermoclement 18 transported cguaily to the hot and cold

junctiono.
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in this case, for the "hot" and "cold"™ thermccontact surfaces
of the gencrator selected along the channel of heat carriers of ele-

ments dF (Fig. 2), we obtain correspondingly the followling relations:

“ o (TK - ll"
dQr = — Gyepd?,, = Gl = -- = - -—d
A
,’rr .- tp “ l
s = (= b)) jute — Jroh
Wy }' 2
1
AQx == 4: G,e4dT, (n
‘ (t, — T
4 (.lx(."\de = —l_"'x‘)‘ ([[
ky

b 1
= h (e — )+ jaty + 5 jEph.

The solution to these equalions makes 1t pcssible to find the
Lemperature distribution alouiag the thermocontact surfaces of the gen-
erator, Lhe fed and removed quantities of heat, elsctrical power,

efficiency, and 30 on.

H-r- and further, when there 13 a dual sign (4 or ¥ ), the
uppe © sig refers to the case of cocurrent {low and the lower sign,

1o <= case of countercurrent {)ow.
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Let us 1ntroduce the dimensionless parameiers

puh ) 1, 1 | aly ! .
¥ _— ho= ) o . "w - - (hi -t hy)
./. 2 (e, (/ycg h 2 h
o .(';‘_LL.—,_,('}’_“‘ . ho = by ‘ (2)
('l“.l T— (r 1Cx /"r ”{’ " \

Eguations (1) in this case take the following form:

1 tlr r—ur x—a , ) i
LA | LA A
(1 —a)r dm (14- ) (14 b P
(3)
[ Yy — T — 1
I e N U VYA I
(1 4 aYr dm (1-—-b)p (1—u 2

Eliminating x' and y', we obtain a system of two differential

equations of the first order

T4 t+ M40 dr I — by dy q
l)(_ )u]__‘:FL_; l Ut Me—p— B =0
(I —a)t dm (1 ayn dm 2 (1)
dtyp dr - =M —=b)p)de 1 T
— iy — 4 r—(t =Py pr=o SRR
(1 —a)r dm (i a)a dn 2 e

The solution to this equation for the case ©f the cocurrent flow

has the form

! A gm G1—§2)  Ayem 1
41— ﬂ_——{A‘ \Vch—}—lwn —-~(ii~——-q—)shsq‘ﬁ« +
2 ) .:\]1 T
1 — PRTS A a - -
T IR - oo
' w ’ § w N R,

i t — 2\
yA 1 r»={m(—(i.-1.’“-’f~;
1 (1)

)

-+ B r('ll -+ sh ———
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where
|'l'|)

o= U —a)[t — 7+ Bt + B0, Go= (14 [t — B~ B b0l

5o Ay o ©1—qan”
0= 14200 BRI — (1= )P,y == (--—ﬁ-- -

In these cxpressions gquantities A* and B* are integration con-
stants, which are determined {rom boundary conditions.

In the design of thermogenerators, from our point of view, as
the boundary conditions it 1s most rational to accept the determining

values of the maximal and mininimal tempcratures in the apparatus.

Thus when m=0 we will have x 2T and \Y =zT% . Hernce,
Hake r Mo
1 1
A‘:‘—Tunnc"i"{“z ‘3:11:' I}‘=yl(xlll'+‘1+r) ﬁ:l[v (7)

The heat Qr fed Lo the generator and the heat Qx removed from
the generator, equal, respectively, Lo 1
Qv = Go (T °x — Tl'“"[x)) Q= Goo(Torm™ — %), .

are determined by means of expressions

an Tnaxe = Tpyp
—— )“ S m— — —— —
-xFr([ (t—a)r Halit = 11,050
(8)
zh Veape ~ WYwuas
‘;‘(’x' = __(_;_T = H,6;* — H b.*
bS] {:—Tea

We fird the useful electrical power of the generator P=Q,-Qyx, =
eff. .zrcy of the wenerator M= (0:—¢:) /@ and average value of .
itne _utpus voltaz. U, reterred to a single thermoelement, 1n the form -

.o
th o
I H (U = ) — 1y (U — U,°),
x.r e r.
L MU = 0y) = 0L, (0" — 0,7
1" = - D—
1 G* — 10,4
Z(f' ]1;(0;‘—'03*)—11y(01‘_02‘) (9)
S _— — ~
u [ ,

Whier e
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In solving the system of equations (4) for the case of the cota-

tercurrent flow, we get

z l—i "’hﬁ—{ [Cll A"l"zm_ (q')l—*-q}z)bh_fﬂ]_*__

) PAV W
41 (i_:_(_l.)_>17qn,711(‘\1)[ K(q\,—q*)m] (11)
|z U] w

{ g i A ‘o
i —f« i -+- — r) == { — A (7--+ a) Sll ,/_‘_l_.r.wi _i.
2 2 )

rAdem (@4 @z) . Aem Ty o AMeo—gz)m7
4 L ch — sh — J exp| — - ,
2. o } L w J
where
Q1+ P2 \? .
‘l‘zz-l/(— — (1 —a?). (6a)
o
We determine the integration cornstants from boundarv conditious,
Sl acCcording Lo vl maximal and minimal lemperatur: . vl the appa-
ratus
This lcads VO Tuaue = zT,°% when m=0 and Uany = 27,1 when m=1.

Quantities A and B have the following values:

i
A=Iua|<c+1——q‘ﬁ==11x

¢ 1 A Ay — ¢z )
B e e [11 A9 MY, e l.d_(_“_,_‘i_)'), (12)
'\Pg (O] w .

'.“h“* (p: + q'z)

ch — 4 ————
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3" TORNTRRIAY YNSRIy

r




TR —

Substituting (12 into (11), ard using relations (6) and (6a),

we get
1 1 A1 — )
14+4{~-- B -¢{ K, —
2 TCETE 1¢~{ [ e
ch— g MG T
w 24, w
(G oye) "l (1'“’”) ] L 7{41 — y42)m ]
4 - —sh - expl — - -
;’.\4‘1 w . w
({ —a A m AMyy—y2) (1 —m
g, ST g Ty M T ) ) } (13)
V2 W w
1 1 (14 a) Aol — m
v+ i+ p=- '7\177 — ——wm{ iy - —sh ——Y———— i
2 /S8 - A 2 w
(-h.__. _}_Msh kq q
w ‘LQ}, w
A - M Ao
oexp| o — —Eq;—qz) ] +- 1, [ ch —ui- (—ql—ii—l sh -~\L——] X
w W 242 )

X exp ————-—o———

{0 2

AQy — q2) (1 — m) }

To determine the fed and removed quantitvies of heat Q and Qy,
electrical power P, efficiency and average value of the outputl
vuolrage U, referred 1o a single thermoelement, we cbtain the follow-

ing expressjons:

zh Luake ™ Tuup
e Jr == " .0 —~ UyUJ.
wl'y {1 —a)k
ch Yuowe = ¥uun
CUx = T 0, — 16
el (14 a)r
2
—j-l): 111(01 . OJ)"']]V(U.".“UQ)' (1’1)
“lor

1:(0; — 03) = 1, (35 — 0y)

N = - —— A -
11 (.—~11 (I
2l B (0, —0 3) 1, (01— 0. )
a o B o
Here
8
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1 1 in
0= o ) e — .
(T a)n MWro (et an) A (1)
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It 18 casy te 2how that the limiting trans;tion to the case cf
cunstant temporatures on cach of the two thermocontscetl surfaces (A=z0)

and the absence of Llhermal resistence ¢f the "thernocontact packets"

—~

Iy

=0; loade wo formulas unknown from literature | 1-2) for output

paramceters of TEG,

Comparison of ¢fficiency of the cocurrent flow ard countercur-
rent flow. Lel us make o comperison with identical x,,. . and Y a1 44
and identical values of ]3 {(i.e., =@t identical temperatures «r the
heat carricrs av the  input to the TEG and idenvical! current dersi-
Tles).

1

Lot us expand vhie expression for guantivices @0 &6~ 8* 4 a8 a
11, serjes according Lo powers of Lthe paranmceter

i | U rlys oo T ol 1200wy gl a)y.l {

TR = — | — ot
l \l —f—l) “ ) UL in? ’
8- ' T L B B U N I IS T LY i
’ (ftoa 1(1) Lw? ‘ Lt N f

1 AT oy gy A gt 4 gy a’)}

a* =~ — e

W Jw Ly

(16)

Y — ———

! { g Mys A4 (U =any) Rg a0l ey 4 (- a) g 3
B — T

1) :_,,ll)' Gy
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Using expressions (16) for determining the aifferences in power

and efficiency (with couantercurrent flow and cocurrent flow), we get

sh(P— 1)

= L0 — 0y — (0 — 03— U [0 — 0:7)— (0.~ 0:%) ] =

iy

20— )

P /N R R N IR T T R O I B A T RS G I S AV TD R VR T Hpe ¥
b
un
( : O — %) = N0 — 0,0,%) - UL (0200 — 00024 4
ozl
2 R 00% = 0:04%) =

(1t —a )l . )
~ VT [y — 2 (10— o) 4 (24 B R )] > 0.

(»u

Thus the mode of the countercurrent flow provides higher values
o7 the output power and efficiency of the TEG than does the mode of

the cocvrrent flow.
Conditions of an oven clirculi. When p:O we have

o= 87 = 8,7 =8 (). gy = Oy == 8y == 8 ().

The average cmf of the =ingle thermuelencnt 1s determined from ex-

presslons

( 2.
_ (mnne — '/\IIIII) 1 ‘\'~\“‘ o
| * T4 2
- .= (Jmarv_!/,unu)“.(“) - - - ——— + - = s e,
( 2.
37' Tumpice = uun .
= (-rmn;:v — U '.un)ﬂ(()) = T T e T (16)
(¥ )
W aen] -2
] U 1o
For the casce ol a=0, we get
10
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Examnle of calculation of TEG parametlers. For the simplest cuse

G ¢ =Gycx and k =ky (i.e., a=0 and u=0), the calculation of outpurn

: param:ters of the TEG when X, .. =1, Vuun =0.5, A=0-0.9 was conducted;
. p=0 and p=0.1. Results of the calculation are given on Figs. 3 and
F ' 4, Tt is found that the volt-ampere characteristic of the TEG PR
T/ a = hi) is close to a stralight line, and the characteristic of :
the power  zhl /[ uly == f2(B) is close to a quadratic parabola. Analysis
¥ of these relations shows thal the output parameters of the TEG (for ;f%
h* the case of G.c.=Gycy amjkr:kx) can be approximated by simple rela- S
tions having the same form as those known in literature [1-3] {I
U tap (70" — To") — jpupk, P pF gy (Ten> — 100) — Ppuphl's (20) ;T
° O & _//_‘ Po(Tm = T8 o JF gy, T — 1' 7 puphts
[ - -

¥np - s l cn :
--’"l— l'.-, ('/']lll — 1‘;"‘) "*' }['T(l”l,lxul “*' " }" [’llp}ll iy

U =
r I
c
(- where "
. u ”
- (l|(]| = _—_-‘—-"| y‘“l‘ T —— —_—
14-A42p 14 24 2n
{ _ ' (TN A Ty e e
] A 4" L —_— . R 5
DERRUE uu)‘ N , ]} (21)
[l =5 0 e = e B S o
14 24 2p L
4 Sup == - —- - i -—«l-—m—-k--—-;-_ﬁ-__.__q
X :( on _‘ [/ AN I
2 14 (74 2p) [1 + __;__T 5" " _
4 ¢ mode of maximal power of the TEG here corresponds to values
I
® i 1 u,, (T,% — Tyrx)
A Uone = - (lup(Tr-x - Tx"'). four = — o - }-*'*, (22 - -
r ‘ 2 puph S
v
and for Lthe mode of maximal cfficrency
G-np(Ts"! b Tx")A{o (lnp(Tr"\ — Ti%%)
- U = , ] a2 ~ 23
° Mo 1 T M =
b r
b - ——— e - -
; z ‘(T_ux _{ T nx
M, ::V1 4 i 1 = ") .

S 1
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Fig. 4.

It should be noted that the expressions obtained {or calculation
of the basic parameters of the TEG can be wused for solving other
problems, [or example, for an analysis of operation of the TEG with
the earlief known efficiency of the discharge of heat in the second

cilrcuit and so o,

Certain recommendations on the analysis of operation of the TEG
by taking into azcount the dependence of thermoelectric properties
of maverials on temperature. The use of results of the analysis
glven above with calculation of a specific design ¢f the TEG gives
the accuracy accepted for englneeriug solutions in ihe cvase of a rel-
atively small temperature change of thermocontact surfaces alung the
channel ¢f heat carriers. If these temperatures vary greatly, then
tne absence of the calculation of a temperaturce dependence of the
thermoclectrice properties of the materials can lead to considerable
errors 1n the caleculation. We can avoid large errors by dividing the
Lhermogenerator into scveral seccions with a relatively small (of Lhe
order of 109} vemperature change of the thermocontact surfaces and
performing a calculation for each section scparately. Values of ten-
peraturces of the hut and cold heat carriers at the beginning of the
firsvy section (when w=0) can be uscd as the boundary conditions. In

the cource ¢f the calculation, the heat beilng fed and removed, the

12




electrical power on the section being examined, and temperatures of
heat carriers at the end of the section are determined. These tem-
peratures serve as boundary conditions for calculation of the second
section of tne TEG with values of properties of the materials cor-
recred for the new temperature mode. The calculation of the third

section 1s similarly conducted, and so on.

. lLet us note that for calculation of the counterflow design of
the TEG over the sections, it 1s necessary %o introduce a change into
the value of the lntegration constants appearing in the equations
(11). In this case these counstants arc determined from boundary con-
ditions in the same cross section of the TEG (when m=0), i.e., accord-
ing to maximesl valuaes of temperatures of the hot and ccld heat car-
ricrs, Here, instead of (12) we have

1 1
A= zuare+1—~ - f=1I. 1}‘=UMH|<C+1+Tﬁ. (12)

Corresponding changes are introduced irto the calculation tform-

ul=s (14). For calculation of the cocurrent flow scheme of the TEG

T
r

cvar the sections,; all the analytical expressions obtained earlier

remain in

c

rece.,

Symbels: 1T - temperature of heat carrier, 9K; t - temperature of

Junction of thermoelement, 9K; a4 - specific thermal emf of thermo-

o

A clement, V/deg, ®* - specifilc heat of thermoelement, W/m-deg; ¢ -
specific elecirical resistane  of thermoelelment, ohms-m: z - param-
crer of figure of merit of thermoelcement, 1/deg; k - specific thermal
resistance of "thermocontact packeir" between the heat carrier andg
Juncticn of ihr thermoelement, mp~deg/w; G - mass {low rate of the
heat carrier, kg/s; ¢ - specilic heav of heav carrier, J/kg-deg; h -
height of thermoelement, m; Sy and S, - arcas of cruss section of
branches of thermoelement, m2; F ~ thermocontact area, mg; Fr = total

o . . . .
25§ ~ cleetrical current density, A/me;

thermocontact area of TEG, m

U - average output viltage referred Lo a single thermoelement, V, g -

average emf of singie thermoelement, V; P - outpul elcctrical power
of TEG, W; Qp - thermal power consumed by the thermogenerator, Wi
Wy - thermal vower removed from thermogencrator  W; 1 ~ efficiency

of the  therwmogenerator, f?‘ﬁ%

Subscripis: r - hol; % - cold; p - positive branch;

negative




branch.
3uperscripts: @8x - input of heat carrier; phx - output of heat
r carrier., The output parametcrs of the TEG for the case of cocurrent

flow are denoted by an asterisk.
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